Metric operator for the imaginary cubic oscillator does not exist 
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We show that the PT-symmetric imaginary cubic oscillator is not quasi-Hermitian. In other 
words, there is no quantum-mechanical Hamiltonian associated with it via physically relevant sim- 
ilarity transformations. Consequently, the commonly accepted quantum-mechanical interpretation 
of the model in terms of the modification of the inner product in the Hilbert space by means of 
the metric or C-operator must be completely revisited. Moreover, the non-existence of the metric 
operator results in the appearance of spectral instability regions. Our proof is based on the analysis 
of semiclassical states due to Davies [I] , which involves a direct construction of a continuous family 
of approximate eigenstates of complex energies far from the spectrum. The method can be used 
to investigate the time evolution of fairly general initial states by expanding these in terms of the 
modes. 



In the turn of the millennium, Bender et al. came up 
with the idea to extend quantum mechanics by consider- 
ing Hamiltonians that are invariant under a space-time 
reflection VT rather than being Hermitian (2][3] . The de- 
velopment of the so-called Vl~ -symmetric quantum me- 
chanics was in fact initiated in these papers by consider- 
ing a prominent Hamiltonian 

While this operator is manifestly non-Hermitian, it is in- 
variant under a simultaneous space reflection P (i 4 
—x) and time reversal T (complex conjugation). More- 
over, numerical studies suggested that the spectrum of H 
is real, which was later proved in [3] . The Hamiltonian ([I]) 
can be considered as a prototype of many other exam- 
ples of PT-symmetric Hamiltonians that have been so 
far studied in a still growing literature (see [5] and refer- 
ences therein). 'PT-symmetric models found applications 
in various domains of physics - namely in optics [5] , solid 
state [7] , superconductivity [5] , electromagnetism , and 
reflectionless scattering [ID] . 

It is commonly accepted that a quantum-mechanical 
interpretation of PT-symmetry must be implemented 
through the concept of quasi- Hermiticity [111 112] . Here 
the key property is the existence of the so-called met- 
ric operator (or its special variant PC suggested in 
Refs. US]), which is a bounded positive operator 
with bounded inverse providing the following similarity 
relation between H and its adjoint IP: 

i? f = eHe- 1 . (2) 

Hamiltonian H with property ^ is called quasi- 
Hermitian because it is actually Hermitian with respect 
to the modified inner product (-,0-) or, equivalently, 
it can be mapped by a similarity transformation to a 
Hermitian operator in the initial Hilbert space. In any 
case, Eq. (H) ensures a proper representation of a quasi- 
Hermitian Hamiltonian H in the context of conventional 



quantum mechanics with unitary time evolution and 
an identical energy spectrum. However, the proof of 
the existence of a metric operator for a non-Hermitian 
(PT-symmetric) operator constitutes a highly non-trivial 
problem. Although necessary, the reality of the spectrum 
itself is not sufficient to guarantee the existence of 0. 

Partly motivated by the relevance of the cubic interac- 
tion in quantum field theory, the problem of similarity of 
the Hamiltonian ([I]) to a self-adjoint operator was inves- 
tigated in several works 13J . However, due to the com- 
plexity of the task, the approach used in these papers 
was necessarily formal, based on developing the metric 
into an infinite series composed of unbounded operators. 
There has been no proof of the quasi-Hermiticity of the 
Hamiltonian ([I]) so far. The objective of the present note 
is to show that there is a very good reason for it: 

the metric operator for the imaginary cubic , , 
oscillator ([I]) does not exist. 

We have chosen the prominent Hamiltonian ([!]) to prove 
the negative result just because the ix 3 potential is con- 
sidered as the fons et origo of PT-symmetric quan- 
tum mechanics [5] [3J. However, the absence of quasi- 
Hermiticity property is by far not restricted to the Hamil- 
tonian ([!]) only. For instance, the method of the present 
note also applies to an equally extensively studied x 2 +ix 3 
potential. Consequently, the corresponding Schrodinger 
operator does not possess any metric either. Moreover, 
there is a large class of potentials (not necessarily PT- 
symmetric) for which the original method of Davies [1 
applies directly, see Eq. ([6| and the surrounding text. 

These results have important consequences for the 
physical interpretation of the PT-symmetric Hamilto- 
nians. First of all, a general and conceptual message 
of the present note is that the framework using met- 
ric operators cannot be implemented automatically and 
therefore the usual quantum-mechanical interpretation is 
lost. Furthermore, even if one succeeds to give a physical 
meaning to such models, the non-existence of the metric 
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operator is related to several striking phenomena that 
do not occur for Hermitian or quasi-Hermitian Hamil- 
tonians. The eigenvectors, despite possibly forming a 
complete set, do not form a "good" basis, i.e. an uncon- 
ditional (Riesz) basis. In other words, not every state in 
the Hilbert space can be easily expanded into the eigen- 
vectors of the Hamiltonian. Next serious consequence 
is a non-trivial pseudospectrum, implying the existence 
of regions of spectral instability. The latter, extensively 
studied e.g. in hydrodynamics or optics (see [14] and ref- 
erences therein), particularly means that very small per- 
turbations may essentially change the spectrum of the 
Hamiltonian. For instance, new complex eigenvalues can 
appear far from the real ones. We stress that this can- 
not happen for quasi-Hermitian Hamiltonians. Such be- 
haviour demonstrates the crucial difference between non- 
Hermitian operators with and without the metric opera- 
tor. The spectrum of the latter does not contain reliable 
information about the system, both in theory and ap- 
plications. In summary, when studying non-Hermitian 
Hamiltonian without metric operator, in addition to the 
reality and (algebraic) simplicity of the spectrum, more 
involved spectral-theoretic properties (such as basicity, 
pseudospectrum, etc.) must be taken into account. 

It is also important to emphasize that there does not 
seem to be a simple way how to extend the concept of the 
metric operator. If the metric operator or its inverse is 
unbounded, the similarity transformation is unbounded 
as well and therefore it docs not preserve the continuous 
spectrum. This makes the overall physical interpretation 
doubtful (see also [TB] ) . Moreover, we remark that 

the unbounded C-operator for ([lj cannot exist since H 
has a compact resolvent. 

Let us begin the proof of (*) by properly introducing 
the Hamiltonian ([lj as a closed realization in the Hilbert 
space L 2 (R) . We consider the maximal realization of the 
differential expression ([I]) by taking for the operator do- 
main, Dom (H ) , the set of all ip € L 2 (M.) which satisfy 
-ijj" +ix 3 ij) € L 2 (R). By an approach of 17J Sec. VII.2], 
it follows that such a defined operator H is m-accretive 
and that it coincides with the closure of initially de- 
fined on infinitely smooth functions of compact support. 

Now it can be rigorously verified that H is VT- 
symmetric, i.e. \H,VT\ = 0, where the commutator 
should be interpreted as VTHxp = HVTip for all ip £ 
Dom (if), with {Vtp)(x) := ip(-x) and (T ip)(x) := ip(x). 
It can be also verified that H is V -self-adjoint, W = 
VHV , and T -self-adjoint, W = THT ■ The latter is a 
particularly useful property for a non-self-adjoint opera- 
tor H since it implies that the residual spectrum of H is 
empty [15] . 

As an immediate consequence of the fact that H is m- 
accretive, we know that the spectrum of H is located in 
the right complex half-plane. Furthermore, it has been 
shown in [5j that all eigenvalues of H are real and simple 
(in the sense of geometric multiplicity) . The fact that the 



spectrum of H is purely discrete follows from Ref. |19j , 
where it has been proved that the resolvent of H is a 
Hilbert-Schmidt operator. A deeper analysis of the re- 
solvent of H reveals that it actually belongs to the trace 
class |2"0] . 

We show that the eigenfunctions (plus possibly gener- 
alized eigenfunctions) of H form a complete set in the 
sense that the orthogonal complement in L 2 (M.) of the 
linear span of the eigenfunctions consists only of the zero 
function. The m-accretivity of H implies Re (ip, Hip) > 
for all ip € Dom (if). Consequently, the imaginary part 
of the resolvent of —iH at £ < is non-negative, i.e., 
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{{-iH (ifft - Z)- 1 ) >0. 



(3) 



Since the resolvent is trace class, it is enough to apply the 
completeness theorem [HI Thm.VII.8.1] to (-iH-%)- 1 . 

To extent of our knowledge, there seems to be no result 
on the algebraic multiplicity of the eigenvalues of H in 
the literature. If the algebraic multiplicity is higher than 
one for at least one eigenvalue (which is not expected), 
then the metric operator cannot obviously exist because 
of the presence of Jordan chains in the spectrum of H. 

In any case, we prove (*) regardless of the values of 
the algebraic multiplicities. By contradiction, let there 
exist a bounded positive operator with bounded inverse 
satisfying |2]). Then the following norm estimate for the 
resolvent holds: 
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for every z € C such that Imz ^ 0, where C is a posi- 
tive constant bounded by ||-\/0~|| ||V0 -1 ||. With help of 
1, Thm. 1], however, we show that such a bound can- 
not hold. Using the strategy in [TJ Thm. 2], we consider 
|| (H — tjz)~ 1 \\ with a > large and < argz < ir/2. By 
a simple scaling argument in x, the problem can be trans- 
ferred into a semi-classical one, namely \\(H — crz) _1 || — 
a^ 1 1| {Hh — -z) 1 1 1 , where 



H h 



dx 2 



IX 



(5) 



with h '.— g 5 / 6 . In order to apply [U Thm. 1], we have 
to verify that ImV'(a) ^ 0, where V(x) := ix 3 and a is 



obtained from the relation z = w 



with n € M\{0}. 



However, this can be easily checked for ImV'(a) = 3a 2 
and a ^ since Im z ^ by assumption. It then follows 
from [TJ Thm. 1] that the norm of the resolvent of Hh 
diverges faster than any power of hr 1 as h —> 0. The 
relation between H and Hh provides an analogous claim 
for \\(H — (tz) _1 || and therefore the resolvent bound Q 
cannot hold. 

In summary, although the imaginary cubic oscilla- 
tor is 'PT-symmetric with purely real and discrete 
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spectrum, it cannot be similar (via a bounded and bound- 
edly invertible transformation) to any Hermitian opera- 
tor or, equivalently, the eigenfunctions of H cannot form 
the Riesz basis. The method of the present note, mainly 
based on Ref. [T], does not restrict to this special case. 
It also applies to the x 2 + ix 3 potential, as already men- 
tioned above, and to many others. As a matter of fact, 
the present note can be viewed as an observation that the 
original method of Davies pQ goes beyond the huge class 
of potential perturbations leading to m-sectorial opera- 
tors. More precisely, Davies considers Schrodinger oper- 
ators of the type 



dx 2 



2n 

£ 

rn — 1 



(6) 



where the constant ci n has positive real and imaginary 
parts; then the corresponding closed realization is an m- 
sectorial operator. In this letter, we show that the restric- 
tion on C2 n can be relaxed for certain quasi-m-accretive 
operators. 

Coming back to 'PT-symmetry, let us summarize as fol- 
lows. There exist 'PT-symmetric Hamiltonians for which 
metrics have been constructed and it is useful to have var- 
ious (even non-Hermitian) representations of quantum- 
mechanical Hamiltonians. However, the absence of the 
quasi-Hermiticity property for a class of PT-symmetric 
Hamiltonians presented in this note should be taken se- 
riously as a warning against instinctive acceptance of 
"facts" based exclusively on common belief and formal 
manipulations. 

A positive aspect of the above analysis is that the proof 
of p] Thm. 1] is based on an explicit JWKB construc- 
tion of semiclassical eigenmodes that could be used to 
investigate the time evolution governed by H of fairly 
general initial states by expanding these in terms of the 
modes. Furthermore, we have established the complete- 
ness of the eigenfunctions of the Hamiltonian ([!]) , which 
does not seem to be a previously known fact. Finally, it 
follows from the present result that H possesses a non- 
trivial pseudospectrum that deserves more attention and 
deeper study. 
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